Yield uncertainty widely exists in manufacturing industries. Because of the particularities of the recovery and production processes, remanufacturing is seriously affected by the uncertainty of the production process, which also affects the remanufacturing choice of enterprises. In this paper, we focus on the case where a make-to-order type manufacturer is confronted with the strategic option of obtaining core materials by self-remanufacturing or outsourcing new cores. Through a stochastic modelling approach, a two-echelon closed-loop supply chain is constructed to capture the manufacturer's sourcing strategy and production planning by considering yield uncertainty in both the remanufacturing and production stages. We first examine the case of a deterministic recovery rate. The results show that regardless of whether the firm chooses to remanufacture or buy new core materials, the expected profit of the (re)manufacturer is always concave. Then, in the case of a random recovery rate, we show that the distribution bounds are important and play key roles in deciding the strategic option of self-remanufacturing or outsourcing. By comparing the upper and lower bounds of the recovery rate with the procurement cost of new raw material and used product, three production/sourcing strategies, namely, using remanufactured cores only, outsourcing new material only and jointly using the two materials, are investigated. The optimal procurement quantity and the optimal production input are derived to maximize the (re)manufacturer's expected profits under the three scenarios. Finally, we perform sensitivity analysis of the impact of yield uncertainty on the optimal results. The results show that when the shortage cost increases, the collection quantity increases faster than the production input, which implies that a ''bullwhip effect'' exists in the proposed two-period collection and production system. The conclusions of this paper can be applied to remanufacturing in related enterprises to provide production and procurement decision support for managers and to promote the efficiency of closed-loop supply chains.
I. INTRODUCTION
Remanufacturing is one of the hottest emerging markets, especially in the field of green and sustainable economy. With the emergence of environmental law and enhanced public environmental awareness, more and more firms are implementing remanufacturing [1] - [4] . From the perspective The associate editor coordinating the review of this manuscript and approving it for publication was Jenny Mahoney. of society as a whole, remanufacturing creates additional consumer surplus and is beneficial [5] . Early in 1997, Xerox earned over 80 million by implementing a remanufacturing program [6] .
An common assumption in the remanufacturing literature is that the unit remanufacturing cost of producing a core or a final product is smaller than that of obtaining a new core or producing a new final product [7] , [8] . However, the remanufacturing process is affected by many uncertain factors. For example, the quality of used products is random. Therefore, by considering the uncertainty in the recycling process, obtaining new cores (with no or less uncertainty) might be cost saving compared to remanufacturing cores. Thus, the strategic decision to remanufacture or not remanufacture should consider the uncertainty in the remanufacturing process. Potential remanufacturers must consider the uncertain yield in recycling when making strategic decisions. Remanufacturing with uncertain yield presents new and different challenges compared to the scenario of deterministic yield. In addition to the remanufacturing industry, yield uncertainty also exists widely in the manufacturing industry. The final output in such industries might also derive from the firm's target production quantities [9] - [11] .
Since the value of specific/core parts in remanufacturing is usually high, remanufacturing practices are usually characterized by long reproduction cycles and high inventory cost, which makes it more suitable for the remanufacturer to adopt a make-to-order (MTO) production strategy [12] - [14] .
In this paper, we focus on a MTO firm that sources and produces under yield uncertainty; that is, the firm's target quantity does not always equal the final output, and the final output might derive from the firm's target production quantities. The firm has two options on outsourcing core raw materials for the preparation of production, one is to buy new cores and the other is to recycle cores from used products. Using cores from recycling as the second option is what we call self-remanufacturing. In this model, yield uncertainty not only exists during the production process but also might exist in preparing the raw materials if a remanufacturing option is chosen. We address two main questions in this paper:
(1) How would the (re)manufacturer manage the trade-off between outsourcing and self-remanufacturing when facing yield uncertainty? (2) What is the optimal sourcing strategy of the (re)manufacturer with given the upper and lower bounds of the uncertain yield? And when should the firm choose a remanufacturing option? We aim to answer the above questions to derive the equilibrium target production (or collection) policies for the decision maker and analyse the impact of yield uncertainty on the production strategy and equilibrium outcome. To obtain deeper insights into these questions, similarly to [15] , we focus on a two-period problem, which is common in both literature and practice. The optimal quantities of both the production and sourcing processes are given under different scenarios.
The key contributions of this paper are summarized at the end of Section II.
The rest of this paper is organized as follows. A three-part literature review is presented in Section II. In Section III, we present the notation and assumptions to describe the model. Section IV outlines the optimal production strategy when the remanufacturing process is deterministic. Section V focuses on how yield uncertainty affects the decision maker's remanufacturing options, and three options are investigated. Finally, we conclude our study in Section VI.
II. LITERATURE REVIEW
In this section, we focus on a three-part literature review: the first part is related to yield uncertainty; the second part is remanufacturing; and the third part is sourcing under uncertain supply.
A. YIELD UNCERTAINTY
Yield uncertainty widely exists in supply chain operations. In a supply chain environment, Babich et al. [16] studied the effects of disruption risk in a supply chain where one retailer deals with competing risky suppliers who may default during their production lead times. Dada et al. [17] considered the procurement problem of a newsvendor served by multiple suppliers, where the supplier is either perfectly reliable or unreliable. Xu [18] attempted to manage production and procurement in a decentralized supply chain with random supplier yield and stochastic manufacturer demand through option contracts. Hsu and Hsu [19] developed an integrated inventory model for the coordination of a two-echelon supply chain under an imperfect vendor production process. They assumed that the proportion of defective items in each production lot is stochastic and follows a known probability density function. Lu et al. [20] studied joint pricing and production decision making under uncertain production, noting that unqualified high-end products can be converted into low-end products through reasonable cost input. Peng et al. [21] designed a new revenue sharing contract and emission reduction subsidy to coordinate a lowcarbon supply chain with yield uncertainty faced by the manufacturer. Cai et al. [22] proposed an option contract to coordinate a vendor-managed inventory supply chain with stochastic demand and yield uncertainty. Li et al. [23] developed a production and procurement game-theoretic decision model with commitment option contracts for a seasonal product supply chain under yield uncertainty. In a singleperiod setting, Panagiotidou et al. [24] studied the optimal procurement policy in a remanufacturing system under stochastic yield of returns. They demonstrated the benefits of the sampling inspection of returns when making procurement decision. For the yield uncertainty caused by quality defects in the production process, Taleizadeh et al. [25] and Cárdenas-Barrón et al. [26] used an EPQ inventory model with reworkable defective items to study the optimal production lot size and pricing problems and the optimal replenishment lot size and shipment policy of suppliers respectively. Taleizadeh et al. [27] considered reworkable defective products and employed an EOQ inventory model to study the buyer's inventory problem when the products had quality defects and could not be replaced immediately by qualified products. Talay and Özdemir-Akyıldırım [28] studied the multi-stage decision making of input procurement and semi-processing project allocation under yield uncertainty. Liu and Zhang [29] investigated a single-project multi-period disassembly scheduling problem and found that yield uncertainty results in more costs for the remanufacturer than does demand uncertainty.
B. REMANUFACTURING
Collecting or remanufacturing with yield uncertainty is an important issue in both the literature and practice. The remanufacturing industry has been characterized by low carbon emissions and energy saving [30] . However, the uncertainty in the recycling process makes it complicated for the remanufacturer to organize his/her recovery and production planning. For example, the cores collected from used products might differ in quality, and this difference will incur additional cost in pricing during used product collection. The existing literature [7] on remanufacturing assumes that the reutilization rate is deterministic and ignores the uncertainty during the recovery process. However, the recovery process could be affected by many uncertain factors, such as the collection quantity and varying quality of the collected used products [31] . Bakal and Akcali [32] studied the optimal pricing decisions in a closedloop supply chain with random recovery yield rate. With an uncertain market demand, Mukhopadhyay and Ma [33] investigated the production and pricing decision of an integrated manufacturing and remanufacturing supply chain by considering yield randomness in the process of recycling. Different from [32] and [33] , we managed manufacturer's production input decisions by considering random yield when producing final products.
Li et al. [34] analysed the relationship between product quality improvement and remanufacturing and proposed that remanufacturing may inhibit or stimulate the quality improvement of new products. Yang et al. [30] noted that remanufacturing plays a significant role in promoting carbon emission reduction and is beneficial to supply chain members. Huang and Wang [35] studied the influence of information sharing on the members of a remanufacturing supply chain and noted that in the context of supplierremanufacturing and manufacturer-remanufacturing, information sharing is beneficial to both the supplier and manufacturer but not to the retailer. Liao and Deng [36] provided a theoretical foundation for remanufacturers to develop optimal remanufacturing strategies using an EES-EOQ model. Liu et al. [37] determined when the company should produce new products, remanufactured products or both at the same time, and the impact of customers' perception of new products and remanufactured products was revealed by developing a two-stage production and pricing model. In contrast to [37] , we studied the process of obtaining cores in a uncertain environment.
Hasanov et al. [38] found that higher collection rates of used products reduce supply chain costs and improve environmental performance. Liao et al. [39] obtained the best production strategy by studying the relationship between production indicators and the remanufacturing rate. In contrast to [39] , we modelled the remanufacturing process in a two-period planning horizon; that is, the manufacturer has to make cores from used products first and then use the remanufactured cores to make final products.
C. SOURCING UNDER UNCERTAIN SUPPLY
Demand uncertainty plays a major role in firms' pricing decisions [40] , [41] , while yield uncertainty might cause supply chain issues with respect to sourcing and production planning [42] - [46] . He and Zhang [47] considered a supply chain with one supplier and one retailer where the supplier's production is subject to random yield and the retailer faces uncertain demand. They showed that reducing yield randomness may weaken the double marginalization effect and improve the supply chain performance. In a singleperiod setting, Xanthopoulos et al. [48] studied dual sourcing in an unreliable supply chain facing supply risk, and the optimal decision making of stochastic inventory was derived by considering the remanufacturing yield and capacity. The option of remanufacturing or purchasing has been studied by [49] . Through an empirical investigation, their quantitative results showed that intellectual property rights, operating assets and remanufacturing frequency are important driving factors for remanufacturing and outsourcing decisions. Dual sourcing can be an effective way to reduce the uncertainty in obtaining materials. Silbermayr and Minner [50] analysed the trade-off between disruption risk and learning benefits under dual sourcing. They noted that compared to single sourcing, the benefit of dual sourcing increases with the learning rate and decreases with reliability. Kumar et al. [51] studied the problem of sourcing and pricing decisions of competing retailers under supply disruption. The results showed that the competitive dynamics are affected by the production cost and disruption risk, and when the procurement cost advantage and market potential shift to the competitor, the retailer opts for cheaper but risky supplies.
Our paper differs from the aforementioned studies in the following aspects.
(1) We address the decision problems of manufacturing and remanufacturing in a two-period planning horizon in a complex setting where both the processes of remanufacturing cores and producing final products are captured with random output. (2) In the presence of a random environment, it is more likely to obtain the upper and lower bounds of a random process than to obtain an accurate distribution. In this paper, with general settings, we provide explicit conditions of when to open or close the used product collection channel and when to rely solely on selfremanufacturing or procuring new cores to satisfy the final production. Our research is novel to literature. (3) The optimal conditions and results we obtained are not limited to any specific distribution function, which makes our results applicable to a wide range of practical applications. 
III. MODELLING FRAMEWORK
The closed-loop supply chain (CLSC) we study in this paper is operated on a two-period planning horizon as follows.
The demands of consumers in the market are formed, and an order quantity is imposed on the manufacturer. Then, the MTO manufacturer decides whether to use new materials or cores from collected used products, depending on the selling price and the cost of stock-out. There are two stages of yield uncertainty during the entire production process, namely, the uncertainty of recovering and the uncertainty of producing new products. Then, the manufacturer decides how many used products to collect and the quantity of new raw materials to procure. As shown in Figure 1 , in the first period, the firm has to make decisions on how to prepare the core materials to produce final products. The manager can choose from three options, i.e., self-remanufacturing, procuring new cores, or a combination. In the second period, the manager faces uncertainty in producing final products. As a profitmaximizer, the manufacturer not only needs to maximize its profits in both period 1 and period 2 but also needs to maximize the total profit during the two periods. Table 1 describes the notation used in this paper. The following six assumptions are made:
(1) Without loss of generality, we assume that there is no ready source of initial stock and that no uncertainty exists in used product returns. (2) There exist an upper and a lower bound of the recovery rate for producing cores from used products, i.e., x − < U < x + , where x − and x + denote U 's lower and upper bounds, respectively. These two bounds represent the uncertainty in recycling. During the production stage, there also exist an upper and a lower bound of the final yield rate, i.e., γ − < λ < γ + , where γ − and γ + , respectively, denote the lower and upper bounds of λ.
(3) The raw materials used for producing new products are of the same quality, regardless of whether they are obtained by outsourcing or recycling. A similar assumption can be found in [52] . (4) There is a sufficient quantity of used products that can be collected by the manufacturer. We do not consider the case of production constraints. (5) To obtain deep insights into the decision maker's strategy under yield uncertainty, we assume that the demand faced by the seller is deterministic. (6) The cumulation functions G(U ) and F(λ) satisfy the increasing failure rate (IFR). For more details, please see [53] . In the following sections, we use strategies R, O, and RO, respectively, to denote the case of self-remanufacturing, outsourcing, and the hybrid of self-remanufacturing and outsourcing.
IV. OPTIMAL PRODUCTION STRATEGY UNDER DETERMINISTIC YIELD
In this section, we focus on how to determine the optimal production strategy when the utilization rate during the remanufacturing process is deterministic. When the recycling process is not disturbed by unforecasted internal and external factors, the utilization rate can be viewed as deterministic. We can choose remanufacturing or outsourcing of raw materials from the perspective of the unit remanufacturing cost. Clearly, when the remanufacturing cost is sufficiently low, enterprises should choose to obtain raw materials for production through remanufacturing to save costs and obtain greater net profit, and vice versa. Assuming that the deterministic utilization rate is U det , we have the following two sub-cases to consider.
When c r < U det c n , the unit cost of producing a core from remanufacturing (c r /U det ) is smaller than that of purchasing a new core (c n ). In this case, self-remanufacturing should be chosen. The decision problem is to decide the optimal collection quantity of used products (q = Q T ) to maximize the expected profit. The profit function is expressed as
In Equation (1), the first term is the revenue from selling products, the second term denotes the holding cost when the final output exceeds the demand, the third term is the shortage cost, and the fourth and fifth terms denote the remanufacturing cost. Figure 2 shows the components of the profit function.
The following expressions explain the equations used in the above profit function. and,
When c r > U det c n , the unit cost of producing raw material from used products is (c r /U det ), which is larger than the unit cost of purchasing new raw materials (c n ), i.e., c r /U det ≥ c n . In this case, the manufacturer will choose to outsource new raw materials solely to satisfy the production input. Therefore, the decision problem is to choose the optimal procurement quantity of (q n = Q T ) to maximize the profit. The profit function of the manufacturer is defined as
From Equations (1)- (2), we obtain the following summarized findings: Proposition 1: (i) If c r < U det c n , the manufacturer will fully use raw materials from used products; (ii) if c r ≥ U det c n , the manufacturer will choose to buy new raw materials to satisfy production. The profit function of the manufacturer E λ M is a concave function, and the optimal collection quantityq * (or procurement quantity q * n ) should satisfy
Proof: The proof of scenario c r < U det c n is similar to that of c r > U det c n . We start with the first condition (c r < U det c n ). Under yield uncertainty, the manufacturer will collect the optimal quantity of used products to maximize its profit function.
By solving the first-order condition (FOC) of Equation (4) on q, we have
To derive the second-order condition with respect to E λ M onq, we obtain
This result proves that when c r < U det c n , there exists an optimal used product collection quantityq that maximizes E λ M . In other words, E λ M is concave onq. By solving ∂E λ π M /∂q = 0, we can obtain the optimal decision quantity,q * . Figure 3 gives the manufacturer's decision zone with a deterministic utilization rate. In Figure 3 , district (I) denotes the decision zone when a strategy of ''fully using new materials'' is adopted, and district (II) denotes the decision zone when a strategy of ''using cores from recycling completely'' is adopted. District (I) and district (II) are separated by the line c r − U det c n = 0. On this line, it does not matter which strategy the manufacturer selects.
A numerical example is provided to illustrate the special scenario when the remanufacturing process is deterministic.
Example 1: Let c r = 15.8, c n = 28.5, c p = 7.6, c t = 5.2, h a = 2.5, h b = 1.9, D = 576, p = 56.5, and U det = 0.57. Consider the final production with uniformly distributed yield risk, where U is distributed in the interval (0.58, 0.9). In this case, we have U det · c n = 0.57 × 28.5 = 16.25, and c r = 15.8 < 16.25; thus, the manufacturer will choose to obtain the core materials fully through self-remanufacturing instead of purchasing new core materials. By submitting these values into Equation (3), the optimal production quantity is found to beq * = 2553.74. In Section IV, we focus on the scenario of a deterministic utilization rate of recycling. Uncertainty exists only in the final production stage. Since yield uncertainty is commonly found in the remanufacturing process, it is necessary to extend our model to investigate the general case of recycling with yield uncertainty.
V. OPTIMAL PRODUCTION STRATEGY UNDER UNCERTAIN YIELD
Different from Section IV.B, in this section, we investigate the scenario where the manufacturer has to make the decision on the total input quantity of raw materials in period 2 when the realized utilization rate of used products is observed. The time line of the events in this CLSC is depicted in Figure 4 . In period 1, the strategy for obtaining raw materials is decided. The (re)manufacturer decides how many materials to purchase and how many to collect (remanufacture). In period 2, the final production input is decided based on how many raw materials are made in period 1 and the uncertainty during the production process.
The case of ''deterministic yield'' in Section IV is the scenario where yield uncertainty does not exist in period 1. In this section (the case of ''uncertain yield''), yield uncertainty exists in both periods 1 and 2. The difference between these two scenarios is that in the case of ''deterministic yield'', there exist only two options for the manufacturer, i.e., outsourcing or self-remanufacturing. By contrast, in the scenario of ''uncertain yield'', three options exist, i.e., outsourcing, self-remanufacturing and a hybrid of outsourcing and selfremanufacturing. The key difference is that the hybrid mode exists in the case of ''uncertain yield''. In large-scale production, uncertainty in the remanufacturing process is more likely to occur, so it is necessary to expand the research of ''uncertain yield'' on the basis of Section IV.
A potential cost advantage is the core reason that remanufacturing is widely favoured. Unlike in Section IV, this section considers uncertainty in the remanufacturing process. In the following three sub-parts, according to the upper and lower bounds of the uncertainty distribution of remanufacturing, we derive the decision-making scenario and optimal solution of remanufacturing with cost advantage, without cost advantage, and with a potential cost advantage. In the next subsection, we examine the case where the unit remanufacturing cost is low.
Because the utilization of cores is randomly distributed and the lowest utilization rate (or the lower bound of distribution of U ) is x − , the potential maximum unit cost of remanufacturing a core from used products is c max r = c r /x − . Although the manufacturer cannot decide the production decision with full information on the utilization rate, the upper and lower bounds provide insight when making decisions. If the maximum cost of obtaining cores from recycling (c max r = c r /x − ) is smaller than the cost of buying new raw materials (c n ), i.e., c r < x − c n , the manufacturer will completely use cores from recycling; see district (III) in Figure 5 . Figure 5 consists of three zones separated by two lines, i.e., c r = x − c n and c r = x + c n . These two lines respectively the decision maker's indifferent choice of self-remanufacturing and outsourcing. Because another uncertainty exists in the process between raw materials and final products, in this case, the manufacturer will suffer from two levels of yield uncertainty, i.e., the uncertainty of obtaining cores from used products and the uncertainty of producing final products.
By means of backward induction, we start from period 2. The decision problem of the manufacturer in period 2 is to maximize With the underlying fact that the total quantity of core materials (Q T ) used in period 2 cannot exceed the total quantity of cores (Uq) from recycling, [Uq − Q T ] + can be substituted as Uq − Q T . The decision problem of the manufacturer with constraints can be rewritten as follows,
By investigating the production decision in period 2, we obtain the following. Proposition 2: When c r < x − c n , for any quantity of cores produced in period 1, the manufacturer's expected profit in period 2 (E λ M .2 ) is concave on Q T , and the optimal quantity Q * T ,R (Q * T ,i denotes the optimal decision in Strategy i, i = R, O, RO) should satisfy the following equation:
Proof: By deriving the first-order condition of E λ ( M ,2 ) (Equations (8)) on Q T , we obtain
By deriving the second-order condition on Q T , we have
This result proves that there exists a unique quantity of (Q * T ,R ) that maximizes E λ M .2 . Because the total input quantity cannot exceed the total quantity of cores obtained from remanufacturing, i.e., Uq ≥ Q * T ,R , when Uq < Q * T ,R , the available quantity of raw material will not meet the production input q * T . Based on these results, we have the following proposition.
Proposition 3: For any realized quantity of raw materials, the optimal input quantity (Q * * T ,R ) can be expressed as
where Q * T ,R satisfies
In the above section, we focus on investigating the optimal production strategy of the manufacturer in period 2 without considering what happened in period 1. Next, we analyse the optimal remanufacturing strategy in period 1. In period 1, the manufacturer has to decide an optimalq to maximize the total profit during the two-period planning horizon.
where in period 1, the manufacturer considers the problem of obtaining raw materials, and in period 2, the manufacturer addresses production and selling. From Equation (11), we obtain the following. Proposition 4: When c r < x − c n , the manufacturer's firstperiod expected profit function (E U M .1 ) is concave on the collected quantity ofq, and the corresponding optimalq * should satisfy
Proof: By solving the first-order condition of Equation (11) onq, we have
The second-order condition yields 
Therefore, for the (re)manufacturer, there exists a unique quantity of used products to be collected that maximizesq * , namely, E U M .1 is a concave function ofq. In Section V, we give the optimal condition of the decision variables with a general distribution of yield uncertainty in both the remanufacturing and production stages. The above subsection considers mainly the case of c r < x − c n ; next, we will investigate the manufacturer's decision in the scenario of
Because the upper bound of U is x + , c r /x + is the minimum cost of producing cores from used products. If c min r = c r /x + ≥ c n , then purchasing a new core is cheaper than self-remanufacturing with any λ, (γ − < λ < γ + ); thus, the manufacturer should choose to buy cores exclusively, see district V in Figure 5 . In this scenario, the optimal input of raw materials equals the optimal procurement, i.e., (Q T = q n ). Thus, the decision problem of the manufacturer is to choose Q * T ,O to maximize the following profit function. max
The expectation of the profit is then expressed as
Because Q T = q n , we can obtain a similar finding as in Section IV.B that E λ M is a concave function of Q T , and the corresponding optimal Q * T ,O should satisfy
This proof is technically similar to that in Proposition 1 of Section IV.B, so we omit it here. Sections V.A and V.B investigated two extreme cases where the manufacturer should adopt a complete remanufacturing strategy or a complete outsourcing strategy. Next, we study the case in which a combine remanufacturing and outsourcing strategy is adopted.
C. STRATEGY RO: MATERIALS FROM HYBRID SELF-REMANUFACTURING AND OUTSOURCING
In the case of x − c n < c r < x + c n , the unit cost of purchasing new materials is larger than the lower bound of producing cores from used products but smaller than the upper bound. Because of the randomness in the remanufacturing process, the (re)manufacturer has to make decisions about collection and purchasing without accurate information about the utilization rate. The key problem is how to combine the two options. See district (IV) in Figure 5 . In period 1, the (re)manufacturer has to decide the collection and purchase quantities. In period 2, the (re)manufacturer has to decide the production quantity under yield uncertainty. Then, we use backward induction to solve the decision problem. We start from the profit function in period 2 as below.
Because Q T cannot be larger than the sum of remanufactured cores and newly purchased materials, i.e., (Q T ≤ λq + q n ), [λq + q n − Q T ] + can be rewritten as Uq + q n − Q T . The (re)manufacturer's expected profit can be defined as
Solving the above functions, we can obtain the following.
Proposition 5: When x − c n < c r < x + c n , with any quantity of given raw materials in period 1, the expected profit function in period 2 E U ( M ,2 ) is a concave function on Q T , and the optimal input quantity Q * T ,RO satisfies
Proof: The proof is similar to that of Proposition 2; thus, we omit it here. Proposition 5 implies that the existence of a second-period optimal decision is not affected by what happened in period 1. However, the available quantity to be produced is constrained by what happened in period 1. That is, Uq + q n ≥ Q T , namely, the quantity available to be produced is smaller than the sum of remanufactured cores and the outsourced new cores. Thus, when Uq + q n ≤ Q * T ,RO , the optimal quantity decision in period 2 cannot exceed Q * T ,RO . Based on these results, we obtain the following. Proposition 6: With any quantity of available raw materials prepared in period 1, the optimal input quantity in period 2 can be expressed as
where Q * T ,RO should satisfy p
Note that the (re)manufacturer has to make decisions in two periods. Now, we turn to the question of the (re)manufacturer's decision in period 1, i.e., how should the (re)manufacturer manage the quantities of used products and new materials. The decision problem in period 1 can be defined as
By solving Equation (19), we obtain the following.
Proposition 7: In the case of x − c n < c r < x + c n , E U M .1 is jointly concave onq and q n , and the optimal collection and procurement decision should satisfy the following equations:
Proof: The first-order condition of Equation (19) on the collecting quantity of used productsq gives
The second-order condition yields
, by substituting this equation into the above equation, we can obtain
Therefore, we can prove that the (re)manufacturer's expected profit function E U M .1 in period 1 is concave withq. By means of similar methods, we also obtain
In other words, E U M .1 is also concave on q n . By solving the partial derivative of E U M .1 with q n andq, we have
Then, we can write the Hessian matrix of the expectation function as
Because ∂ 2 E U M .1 /∂q 2 < 0 and H m > 0, when x − c n ≤ c r < x + c n , there exists an optimal combination of (q * , q * n ) that maximizes E U M .1 . (q * , q * n ) can be obtained by solving the systems of equations by setting ∂E u π M .1 /∂q = 0 and ∂E u π M .1 /∂q n = 0. Based on the optimal decisions we obtained with respect to strategies R, O and RO, the optimal strategies during the two periods can be defined as
where Q * T ,R , Q * T ,O , and Q * T ,RO are, respectively, defined in Equations (9), (13) and (17) . Now, we can summarize Propositions 5-7. Proposition 5 and Proposition 7 state that the (re)manufacturer's decisions can be optimal in period 1 and period 2 with any given distribution of remanufacturing or production risk, and Proposition 6 gives the strategic decision on dual sourcing. Moreover, strategy RO is a general case that includes strategy R and strategy O; additionally, strategy R and strategy O are special cases of strategy RO. The general form of the optimal decision in the scenarios of certain and uncertain yields have been given. Next, we investigate how the key parameters affect the (re)manufacturer's decision to derive managerial insights. Numerical simulations are presented to demonstrate how the key parameters affect the production decision and the scale of remanufacturing.
Example 2: In this example, we investigate the case where the utilization rate is randomly distributed. Let c r = 15.8, c n = 28.5, c p = 7.6, c t = 5.2, h a = 2.5, h b = 1.9, D = 576, p = 56.5, and U det = 0.57. Consider the final production with uniformly distributed risk, where U is distributed in the interval (0.58, 0.9). λ is uniformly distributed in (0.25, 0.65). Here, the maximum cost of producing a core material from remanufacturing is c max r = 27.24, and the corresponding minimum cost is c min r = 17.56. Furthermore, the unit procurement cost of obtaining a new core is c n = 28.5, i.e., c r < x − c n . In this case, the manufacturer will choose remanufacturing alone to obtain cores. Then, we have Q * T = 1577.4. With Q * T , we can obtain the optimal collection quantityq * = 1531.5; thus,q * = 1531.5 < 1577.4 = Q * T . Because no new core materials can be bought just in time, the actual quantity of production input cannot reach Q * T = 1577.4. Example 3: Table 2 shows how the upper and lower bounds of λ (γ + and γ − ) affect the optimal quantities and shortage quantities. Here, we use (Q * T −q * ) to denote the shortage inside the remanufacturer. Table 2 shows that with a fixed lower bound on the utilization rate γ − (γ − = 0.25), when the upper bound γ + increases, the optimal collection quantity and optimal production quantity decrease, whereas the production shortage (q * T −q * ) increases. This finding indicates that q * T is more sensitive to γ + compared toq * . We obtain similar findings for fixed γ + . The managerial insights from this example are that with increasing production risk, the optimal collection and TABLE 2. The impact of γ − and γ + on optimal quantity decisions (where c r = 15.8, c n = 28.5, c p = 7.6, c t = 5.2, h a = 2.5, h b = 1.9, D = 576, p = 56.5, and S I = Q * T −q * ).
production quantities both decrease, and the target production quantity is more sensitive than the collection quantity if remanufacturing is adopted. Negative values in Table 2 indicate that the quantity of used products collected is larger than the total planned quantity of raw materials, and positive values indicate that there might exist a shortage in final production when remanufacturing alone is adopted to obtain core materials. Next, keeping λ − = 0.25 and λ + = 0.65 fixed, we conduct a sensitivity analysis of the holding cost of raw materials (h a ) and final products (h b ) on the optimal quantities. TABLE 3. The impact of h a and h b on optimal quantity decisions (where c r = 15.8, c n = 28.5, c p = 7.6, c t = 5.2, h a = 2.5, h b = 1.9, D = 576, p = 56.5, and S I = Q * T −q * ). Table 3 shows that with fixed holding cost h b = 1.9,q * and Q * T both decrease as h a increases. This implies that compared withq * , Q * T is more sensitive to the unit holding cost of a final product (h a ). On the other hand, for fixed h a = 3.7, with increasing unit holding cost of the raw material, both q * and q * T increase. The shortage from inside is denoted (Q * T −q * ). Moreover, Q * T −q * decreases as h b increases, which also indicates thatq * is more sensitive than Q * T . Figure 6 directly depicts this phenomenon. Figure 6 shows that as h a increases, (Q * T −q * ) increases. The results of this example indicate that reducing the holding cost of the final products can effectively reduce the shortage from inside the firm. 
Example 4:
We use Table 4 to show how the optimal quantities change as the costs of remanufacturing and producing change. In the first part of Table 4 , we show how the optimal decisions change when the unit production cost (c p ) in period 2 increases. The second part shows the sensitivity analysis when the unit remanufacturing cost c r increases, and the last part shows the situation when the unit punishment cost c t increases.
The results in Table 4 yield the following three findings:
(1) When the unit production cost of producing a final product increases, both the collection quantityq * and the production input Q * T decrease. This indicates that the production cost in the second period has a negative impact on both the collection side and the production side because of the decreasing profit margin. Moreover, the input shortage in the production stage also decreases, which shows that a cost decreasing in c p has a larger negative impact on the collection side than the production side. Consider the situation with a regulator (generally, a local government). If the goal is to collect and recycle more used products, a tax reduction program on the final production process can be effective.
(2) Variation in the unit remanufacturing cost changes only the target collection quantity of used products and has no impact on the decision of the final input quantity in the production stage. (3) When c r , c n and c p are fixed, if the unit punishment cost (c t ) increases, both the collection quantity and input quantity increase. This result is intuitive because an increasing punishment cost inspires the firm to prepare more core materials and produce more products. Furthermore, as c t increases, the collection quantityq * increases faster than the production input Q * T , which means that a ''bullwhip effect'' exists in this two-period collection and production system. That is, due to the high punishment cost, the firm will be forced to collect more used products. Supply chain cooperation, such as revenue sharing, is a potential way to avoid or alleviate the inefficiency caused by the punishment cost. The buyer can achieve additional profit by setting a lower punishment fee. Figure 7 shows how the profit changes as the remanufacturing cost and production cost increase. As the two costs increase, the profit decreases, which is intuitive. The figure also shows that the expected profit decreases faster when the production cost (c p ) decreases than it does when the remanufacturing cost c r increases. This implies that in order to increase profit, reducing the unit production cost is more effective in promoting profit.
VI. CONCLUSION
Yield uncertainty can be found in many manufacturing practices. We address the decision problems of a MTO firm that has the option of remanufacturing cores in a two-period planning horizon, in which both the processes of remanufacturing and producing final products are random. The core competitiveness of remanufacturing is its cost advantage, and the uncertainty of reuse will affect the manufacturer's strategic choice of obtaining raw materials. In this research, with general settings, we provide explicit conditions on when to open or close the used product collection channel and when to rely solely on the remanufacturing or procurement of new cores to satisfy the final production by considering the upper and lower bounds of the random distribution. Our research is novel to the literature. Based on the remanufacturing cost and the possible distribution of uncertain yield, we give the manufacturer's optimal remanufacturing, outsourcing and production input decisions. In the case of a deterministic recovery rate, the results show that regardless of whether the firm chooses to remanufacture cores or to buy new core materials, the expected profit of the (re)manufacturer is concave. In the scenario of a random recovery rate, we show that the distribution bounds are important and play a key role in the strategic decision to remanufacture or outsource.
By comparing the upper and lower bounds of the recovery rate with the procurement costs of new raw material and used product, three production strategies are investigated, namely, using used product only, using new material only and using both materials. The results show that the (re)manufacturer's expected profits are concave in the three models. Under yield uncertainty, the optimal procurement and production strategies are presented. Sensitivity analyses show that if the goal is to collect and remanufacture more used products, a tax reduction program on the final production process might be effective. Furthermore, we find that when the shortage cost increases, the collection quantity increases faster than the production input, which shows that a ''bullwhip effect'' exists in this two-period collection and production system. The optimal conditions and results are not limited to any specific distribution function or profit function, which makes our results applicable to a wide range of practical applications. In this paper, we study the outsourcing/remanufacturing and production decisions of a single manufacturer. In reality, oligopoly competition exists not only in the downstream market, but also in the downstream supply chain. In further research, it is necessary to study manufacturers'outsourcing and remanufacturing choices in a competitive market environment.
